The evolutions and properties of solitons in a thulium-doped fiber laser hybrid mode-locked by the coaction of nonlinear polarization rotation (NPR) and a semiconductor saturable absorber mirror (SESAM) have been numerically investigated. The mode-locking threshold can be greatly reduced by inserting a SESAM into the NPR-based mode-locked laser cavity. The features of solitons in this hybrid mode-locked laser with different cavity lengths and linear cavity phase delay bias have also been analyzed. The simulations show that this hybrid mode-locking technique is beneficial for shortening the cavity and has excellent phase delay tolerance. We further show the relationship among the linear cavity phase delay bias, the cavity length and the single soliton energy in hybrid mode-locked lasers, which can help control the maximum achievable soliton energy for different applications.
Introduction
Ultrafast pulsed passively mode-locked thulium-doped fiber lasers operating at 2 μm have been intensively investigated in a variety of configurations in recent years. These lasers have been used in diverse possible applications fields, such as atmosphere spectroscopy, medicine, LIDARs, and remote sensing. Recently, numerous passively mode-locking techniques have been utilized to generate ps or fs-level ultrafast pulses in Tm-doped fiber lasers. These techniques can generally be divided into three categories. The first is optical Kerr-effect based mode-locking such as nonlinear polarization rotation [1] , [2] , nonlinear amplifying loop mirror (NALM) [3] , and nonlinear optical loop mirror (NOLM) [4] . They can be considered as artificial saturable absorbers. The second one is material saturable absorber based mode-locking such as semiconductor saturable absorber mirrors (SESAMs) [5] , [6] , single-wall carbon nanotube saturable absorbers [7] , topological insulator [8] , graphene [9] - [11] , black phosphorus [12] , molybdenum disulfide (MoS2) [13] , and tungsten disulfide (WS2) [14] . These two kinds of mode-locking techniques are widely applicable in various fields, but still face some difficulties. In this case, some groups have used the third approach, hybrid mode-locking, which is the combination of the former two approaches [15] - [20] . Their experimental results have shown that, to some extent, the performance of hybrid mode-locking is better than others.
The passively mode-locked fiber lasers based on nonlinear optical Kerr-effect usually have high damage threshold, which is an advantage for high-power operation. However, this technique makes self-starting mode-locking difficult due to its insufficient pulse shaping mechanism. Moreover, different from erbium-doped fiber lasers, to acquire enough nonlinear phase shift for mode-locking initiation, it is necessary to add extra fibers in thulium-doped fiber lasers. Thus, it will increase the cavity length, and consequently decrease the stability [21] and the repetition rate. In contrast, material saturable absorbers can comparatively easily realize self-starting mode-locking thanks to its intensity-dependent saturable absorption properties. Unfortunately, material saturable absorbers are restricted by the performance of the material, and it is difficult to realize high average power operation as most of them have low damage thresholds. The co-action of these two kinds of saturable absorbers is conductive to the generation of ultrafast pulses with high stability and high pulse energy [22] , because the mode locking of the laser can be easily initiated by the material saturable absorber owing to its lower saturation threshold, while the artificial one is used for pulse formation and stabilization at much higher powers. Besides, our simulation results show that this hybrid mode-locking technique also can improve the phase delay tolerance and is helpful to control the achievable soliton energy in the laser cavity, which is beneficial for a myriad of applications.
The numerical models for passively mode-locked soliton fiber laser has been intensively investigated in previous works [23] - [33] . However, most of them focus on erbium-doped soliton fiber lasers, and none of them analyzed the performance of co-action of NPR and material saturable absorber, which is termed as "hybrid mode-locking". In our simulations, we choose SESAM as the material saturable absorber, since its numerical model is well-developed. Compared with erbiumdoped fiber lasers operating at around 1.55 μm, the thulium-doped fiber lasers based on NPR usually have longer cavities for achieving appropriate nonlinear phase shift [2] , due to the smaller nonlinear parameter γ = 2 πn 2 /(λA eff ). In this work, we numerically investigate the properties of solitons in both a NPR based mode-locked thulium-doped fiber laser and a thulium-doped fiber laser mode-locked by the co-action of NPR and SESAM, including the soliton formation and evolution with different pumping strength and cavity length. It is found that inserting an extra SESAM into the NPR based system does not change its original performance and can help reduce the mode-locking threshold significantly. Moreover, due to the aid of the extra pulse shaping from the SESAM, the extra fiber for obtaining nonlinear phase shift can be removed. Finally, we found that the hybrid mode-locked laser can operate stably in mode-locking regime with any value of linear cavity phase delay bias, which is impossible in NPR mode-locked lasers. In this case, hybrid mode-locking could be used in numerous applications. Since the peak-power-clamping effect in the NPR based system is determined by the phase delay, and the nonlinear phase delay is related to the cavity length [23] , [30] , we can control the maximum achievable soliton energy in the cavity by adjusting the cavity length and linear cavity phase delay bias appropriately. Thus, high-energy solitons or high order harmonic mode-locking can be easier to achieve by reducing or improving the peak-power-clamping effect, respectively.
Numerical Model
The schematic of the all-fiber NPR based mode-locked thulium-doped fiber (TDF) ring laser is shown in Fig. 1 without the component in the dashed box. The cavity is constructed with two polarization controllers (PCs) for adjusting the polarization state, a polarization-dependent isolator (PD-ISO) for unidirectional propagation and pulse shaping, a piece of thulium-doped fiber, a piece of SM2000 fiber (single mode fiber for 2 μm) for providing enough nonlinear phase shift, a piece of SMF pigtail fiber, an output coupler (OC), and a wavelength-division multiplexing (WDM) coupler. For the hybrid mode-locked thulium-doped fiber ring laser, a SESAM and a circulator are added in the cavity, shown in the dashed box.
We use a pulse tracing technique to simulate the laser operation so that every component in the laser cavity can be taken into account. To describe the light propagation in the weakly birefringent fibers in the cavity, we use extended nonlinear Schrödinger equations of the form
where u and v are normalized envelopes of the pulses along the two orthogonal polarization axes of the fiber; 2β = 2π n/λ = 2π/L b is the wave-number difference between the two modes, in which n is the difference between the effective indices of the two modes; L b is the beat length of cavity linear birefringence; and λ is the operation wavelength. The inverse group velocity difference is given by 2δ = 2βλ/(2πc), where c is the velocity of the light in vacuum. The dispersion coefficients of second and third orders are respectively given by k" and k"' for both polarization components. γ is the cubic refractive nonlinearity of the fiber. g is the saturable gain coefficient of the fiber, and g is the bandwidth of the laser gain. For undoped fibers g = 0; for thulium doped fiber, its gain saturation can be considered as
where G is the small-signal-gain coefficient, and P sat refers to the normalized saturation energy. G is related to the doping concentration of the active fiber and P sat depends on pump power [34] , [35] . The saturable absorption of the SESAM is described by the following rate equation [36] :
where α 0 is the initial absorption of the absorber, T rec is the absorption recovery time, and Esat is the absorber saturation energy. The transmission of the laser cavity plays a very significant role in the mode locking process. The light transmission through the laser cavity without the SESAM in this paper can be easily calculated by using the jones method [23] , [37] . The intensity transmission T i can be expressed as
where PC is the linear cavity phase delay bias caused by the PCs and F is the phase delay resulting from the fiber including both the linear and nonlinear phase delay. θ is the angle between the fast axis of the fiber and the axis of the polarizer, and ϕ is the angle between the fast axis of the fiber and the axis of the analyzer. The phase delay F resulting from the fiber can be expressed as F = LB + NL , where LB is linear phase delay and NL is nonlinear phase delay. They can be expressed as
where n x − n y represents the linear birefringence, n x and n y are the nonlinear refractive indexes, and (|u| 2 + |v| 2 ) is the light power in the cavity. From (5) and (6), we can calculate the value of F and thus obtain the transmission of the cavity without the SESAM. The relationship between the total phase delay = PC + F and the intensity transmission T i is shown in Fig. 2 when θ = 0.125 π, ϕ = 0.625 π. From (6) we can see that there is a negative correlation between NL and light power. When laser works in the region A in Fig. 2 , for example T i is set at point a, there is a positive correlation between light power and T i , which exactly form an artificial saturable absorber. Since that, mode-locking operation can be realized in region A and C. Obviously, region B and D cannot realize mode-locking due to its negative feedback when the laser system is only based on NPR technique.
In order to make the simulation close to the experimental situation, we use the following parameters for the simulations: . Since the SM2000 is longer than other types of fibers and the difference of nonlinear effects among these fibers is small, we use this γ as the nonlinear parameter of all the fibers in this simulation. We start a simulation from an arbitrary weak signal and then use the calculated result of the last round-trip as the input of the next round.
Results

Evolution of Solitons With Different Pumping Strength
To simulate and compare the features and performances of these two kinds of lasers, firstly we control the pumping strength P sat and keep all the other parameters fixed. The length of SM2000 is 50 m in both the NPR and the hybrid mode-locked laser cavity since longer cavity is pointless and would waste computing resources, and the PC is fixed at 1.3 π. The numerical results of the NPR based mode-locked fiber laser show that, when P sat is below 35 pJ, the noise signal cannot convert into a stable soliton. This corresponds to the case in experiment that the laser is operating below the mode-locking threshold. When P sat is improved larger than 35 pJ, the laser starts to work at single soliton mode-locking regime until the P sat = 230 pJ. The examples for P sat = 40 pJ and P sat = 230 pJ are shown in Fig. 3(a), (b) , respectively. The evolutions of pulses from noise to soliton can be clearly observed. However, when the pumping strength P sat is further enhanced and larger than 230 pJ, stable single soliton operation cannot be obtained. Fig. 3(c) shows an unstable operation when P sat = 280 pJ. A soliton train with a forming additional unstable soliton emerge from the background can be clearly observed. This phenomenon is a result of the peak-power-clamping effect in the mode-locked fiber laser based on NPR. Tang et al. have presented comprehensive explanations for this phenomenon in erbium-doped soliton fiber laser [23] . As shown in Fig. 2 , when the peak power of the pulse is larger than a certain value, the cavity is switched from the positive to the negative feedback regime by the intensity-dependent phase delay, therefore, further increasing the pumping strength will not amplify the soliton but the background signals. As a result, the strongest background pulse will be selected and shaped into a soliton by the shaping mechanism of NPR. Fig. 3(d) shows the dynamic evolution of a multiple-soliton state when P sat is set to 290 pJ. From Fig. 3(d) we can find that the generated two solitons are almost identical, which can be explained by the soliton energy quantization [23] . This type of multiple-soliton generation has been called "soliton shaping of dispersive waves." Continue to increase P sat , more solitons can be observed.
Similar features can be observed in the numerical results of the hybrid mode-locked fiber laser. The laser can stably operate at one soliton regime when we set the P sat range from 8 to 240 pJ. It is found that the necessary pumping strength for mode-locking operation is dramatically reduced. This indicates the mode-locking threshold is significantly diminished by inserting the SESAM into the cavity. Fig. (e)-(h) show the similar four states of the hybrid mode-locked laser with P sat = 10 pJ, P sat = 240 pJ, P sat = 300 pJ and P sat = 330 pJ, respectively. The comparisons of pulse profile and spectrum profile between these two mode-locked lasers both operating at stable single soliton regime are shown in Fig. 4 . With respect to the growth of P sat , the peak amplitude of the soliton increases and the duration decreases; at the same time, the Kelly-Sidebands become stronger and more sidebands are visible, which is consistent with experiments results. From Fig. 4 , we can find that there is only a small difference between them in both temporal and spectral profiles, which indicates that adding a material saturable absorber into a NPR cavity does not change its original performance. These results confirm that under a relative high pump power, NPR plays the dominant role in pulse shaping rather than SESAM.
Solitons and Cavity Length
As mentioned before, NPR mode-locking requires a long cavity to acquire enough nonlinear phase shift because of the low nonlinearity of SM2000 fiber. In contrast with NPR, hybrid mode-locking do not have this self-starting problem caused by cavity length. Simulation results show that the hybrid mode-locked laser with enough pumping strength can always stably work at a single pulse regime no matter how long the cavity length is. The variations of the maximum achievable single soliton energy in this cavity with respect to changing cavity lengths when PC = 1.3 π are also shown in Fig. 5(a) . From the figure, we find that the single soliton energy is increased by diminishing the cavity length to 35 m. When the cavity length is less than 35 m, the NPR based mode-locked laser cannot work stably, and the hybrid mode-locked one still operate stably with higher soliton energy. However, when the cavity length is set to 30 m, a dramatic decline of the soliton energy is observed, and from 15 m, the soliton energy begins to increase again. This result can also be explained by the peak-power-clamping effect. Different cavity lengths cause different nonlinear phase delays, which means the laser would operate at different feedback regimes. Therefore, the NPR mode-locking threshold resulted from the peak-power-clamping effect is also changed with the cavity length. From (4)- (6), we can obtain the transmission of the cavity as a function of the cavity length and the power of light. Fig. 5(b) shows the transmission color mapping, where red represents high transmission and blue represents low transmission. Since that, the positive feedback regime can be represented by the bottom half of the blue strip areas combined with the upper half of red strip areas, such as the P region in Fig. 5(b) . Analogously, N region in Fig. 5(b) represents negative feedback region. At first, the hybrid mode-locked laser operates at x point in Fig. 5(b) when the cavity length is set to 32.5 m. If we further reduce the cavity length to 15 m, the laser operation moves from point x to point y, which means it jumps across the negative region (N region) into another positive feedback region (P region) with decreasing peak power. Continue to decrease the cavity length from 15 m to 5 m (no SM2000 fiber in the cavity), the limitation on the peak power begins to increase again, because the operation point moves from point y to point z. This explains the "U" shape of the red curve in Fig. 5(a) .
The above results show that the adjustability of cavity length of thulium-doped hybrid mode-locked fiber laser makes NPR threshold adjustable. Note that in our simulations in this section, to keep the linear phase delay constant, the cavity length is always set as an integral multiple of the beat length L b and the PC is fixed at 1.3 π. Thus, the cavity length determines the value of pulse peak power limitation. However, this condition is arduous to realize when conducting an experiment.
Since the cavity length of NPR mode-locked thulium-doped fiber laser should be longer than a certain value for its mode-locked initiation, the stability could not be the same as the hybrid modelocked one with less cavity length and the repetition rate is restricted to a low range. Moreover, from Fig. 5 , we can find that this limitation of cavity length also leads to the less choices of the NPR threshold. In contrast, there is also no restriction on cavity length as the aid of extra SESAM can initiate the mode-locking.
Solitons and the Linear Cavity Phase Delay Bias
The linear cavity phase delay bias ( PC ) also play a significant role in the laser systems based on NPR. As mentioned in Section 2, the total phase delay can determine the operation region. Thus, appropriate PC setting is necessary for achieving stable mode-locking operation. In fact, NPR based systems are sensitive to the variation of PC which is corresponding to the rotation of the PCs in the experiments. First, to study the impact of PC orderly, we make the cavity length and pumping strength fixed at 40 m and P sat = 200 pJ. Fig. 6 shows the evolutions of pulses in NPR mode-locked fiber laser with different value of PC while Fig. 7 shows that in the hybrid mode-locked fiber laser . For instance, as shown in Fig. 6(a) , when we set PC to 0.1 π, which is similar to the condition of point b in Fig. 2 , the mode-locking operation cannot be achieved. It is because the amplified pulses from the background noise are weaken by the NPR negative feedback, and thus, these pulses would not obtain further amplification. However, in the case of hybrid mode-locked fiber laser in our simulation, the laser can easily achieve stable soliton operation. As shown in Fig. 7(a) , the setting of PC and cavity length L are the same as above, but four solitons can be formed from the background noise, indicating that the hybrid mode-locking is not as sensitive as NPR to PC . Although PC makes the NPR transmission of the cavity locate in region B, which is a negative feedback region, the saturable absorption effect of the SESAM can compensate for this negative feedback, and thus the pulse shaped from the background can still be further amplified. When the pulse peak power reaches a certain level, the total phase delay would decrease and thus the transmission would move from point b in region B to point c in region C (see Fig. 2 ). Consequently, the co-action of NPR positive feedback and saturable absorption effect of the SESAM realizes stable mode-locking operation.
In fact, as shown in Fig. 7 , our simulations show that stable soliton operation can be achieved with all values of PC from 0 to 2 π in the hybrid mode-locked fiber laser. The number of solitons varies along with the value of PC since the soliton energy is determined by the total phase delay, when the pumping strength is fixed. In contrast, the NPR mode-locked laser can only operate stably when the value of PC is close to 1.3 π. To further understand the role of PC in determining soliton energy, we also change the cavity length of hybrid mode-locked fiber laser. It is found that the hybrid mode-locked fiber laser can realize stable operation with any length of cavity and any value of PC . Fig. 8 shows the relationship among linear cavity phase delay bias PC , cavity length and soliton energy. The blue region in the figure represents low soliton energy and PC ranges from 0 to π, while the two red regions represent high soliton energy and PC is close to 1.3 π. From Fig. 8 , we found that in the blue region (0 ∼ π), the soliton energy decreases with the increasing of cavity length. However, in the red region (1.1 π ∼ 1.5 π), when cavity length is larger than 15 m, the soliton energy grows with the increasing of cavity length, and when cavity length is less than 15 m, the soliton energy grows with the decreasing of cavity length. This help us control the soliton energy appropriately to be utilized in different applications. For example, as shown in Fig. 7 , lower soliton energy is beneficial for achieving passively high order harmonic mode-locking since more solitons can be generated from the same pumping strength [38] .
Conclusion
In conclusion, we have numerically investigated the mechanisms and properties of solitons generated by NPR and NPR-SESAM hybrid mode-locked fiber laser with various pumping strength, cavity lengths and linear cavity phase delay bias. We demonstrated that the mode-locked threshold can be reduced by inserting a SESAM into the NPR laser cavity. Moreover, the additional pulse shaping mechanism resulted from SESAM eliminated the restriction on cavity lengths which makes ultrashort cavity for NPR system possible. Numerical results indicated that the adjustability of cavity length could be useful to control the peak-power-clamping effect. It is also found that adding a SESAM into the NPR system could remove the restrictions on PC , which means the hybrid mode-locked fiber laser can realize stable operation with any length of cavity and any value of PC . By adjusting the cavity length and PC , we can control the soliton energy appropriately to realize different applications, such as high order harmonic mode-locking and high energy pulse generation.
